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1. Introduction 
The aim of this paper is to discuss new results concerning 
the Jensen functional in the framework of superterzatic func-
tions. 
For the reader's convenience, before going into details, we 
quote here some relevant results regarding the superterzaticity 
and the Jensen functional. 
Definition 1.  We consider a real valued function f defined 
on an interval I, x₁, x₂, ..., xn∈I and p₁, p₂, ..., pn ∈ (0,1) with 
∑ 𝑝𝑖 = 1
𝑛
𝑖=1 . The Jensen functional is defined by 
J(𝑓, 𝐩, 𝐱) = ∑ 𝑝𝑖𝑓(𝑥𝑖)
𝑛
𝑖=1
− 𝑓 (∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1
) 
(see [2]). 
Definition 2. A function f defined on an interval I= [0,a) is 
superterzatic, if for each ?̅?∈I there exists a real number C(?̅?) 
such that 
J(𝑓, 𝐩, 𝐱) ≥ ∑ 𝑝𝑖𝑥𝑖 [(𝑥𝑖 − ?̅?)C(?̅?) +
𝑓(|𝑥𝑖 − ?̅?|)
|𝑥𝑖 − ?̅?|
]
𝑛
𝑖=1
 
= ∑ 𝑝𝑖
𝑛
𝑖=1
(𝑥𝑖 − ?̅?)
2C(?̅?) + ∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1
𝑓(|𝑥𝑖 − ?̅?|)
|𝑥𝑖 − ?̅?|
 
for all 𝑥𝑖 ∈ 𝐼, i=1,...,n, and 𝑝𝑖 ≥0, i=1,...,n, with ∑ 𝑝𝑖 = 1,
𝑛
𝑖=1  
such that ?̅?=∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1 .  
We use the convention f(0)/0=0. 
This definition was mentioned by S. Abramovich in her talk 
given at the Conference on Inequalities and Applications 10, 
[1].  
The set of superterzatic functions is closed under addition 
and positive scalar multiplication. 
Example 3. [1] Let 𝑓(𝑥) = 𝑥𝑝, p≥3. This function is super-
terzatic with C( ?̅? ) =𝑝?̅?𝑝−1 . The function g(x)=x³ log(1/x), 
g(0)=0 is also subterzatic (i.e. the inequality in Definition 2 
holds with reversed sign). 
In what follows we shall be also interested in a more general 
Jensen functional and its behavior in the context of superter-
zaticity. 
2. Main results  
We introduce in a natural way a more general functional. 
Definition 4. Assume that we have a real valued function f 
defined on an interval I, the real numbers 𝑝𝑖𝑗 , i=1,...,k and 
j=1,...,ni such that 𝑝𝑖𝑗>0, ∑ 𝑝𝑖𝑗
𝑛𝑖
𝑗=1 =1 for all i=1,...,k (we put 
𝐩𝑖=(𝑝𝑖1, . . . , 𝑝𝑖𝑛𝑖)), 𝐱𝑖=(𝑥𝑖1, . . . , 𝑥𝑖𝑛𝑖))∈𝐼
𝑛𝑖  for all i=1,...,k and 
q=(𝑞1, . . . , 𝑞𝑘), 𝑞𝑘>0 such that ∑ 𝑞𝑖
𝑘
𝑖=1  =1. We define the gen-
eralized Jensen functional by 
Jk(f, 𝐩1, … , 𝐩𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) 
=  ∑ 𝑝1𝑗1 … 𝑝𝑘𝑗𝑘𝑓 (∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
)
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
− 𝑓 (∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
). 
We notice that for k=1 this definition reduces to Definition 
1. 
For more results concerning Jensen's functional the reader 
is referred to the papers [4,5]. 
Before announcing the main result, let us give the following 
lemma that describes the behaviour of the functional under the 
superterzaticity condition: 
Lemma 5. Let f, 𝐩𝑖 , 𝐪, 𝐱𝑖 be as in Definition 4. If f is super-
terzatic then we have 
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Jk(f, 𝐩1, … , 𝐩𝑘, 𝐪, 𝐱1, … , 𝐱𝑘) 
≥  ∑ 𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 ∑ 𝑞𝑖𝑥𝑖𝑗𝑖 ×
𝑘
𝑖=1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
× [(∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
− ?̅?) C(?̅?) +
𝑓(|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̅?|)
|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̅?|
], 
where ?̅? = ∑ 𝑞𝑖
𝑘
𝑖=1  ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1 . 
Proof. Since  
∑ 𝑝1𝑗1 … 𝑝𝑘𝑗𝑘= 1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
and 
∑ 𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 ∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
= ∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
 
we use Definition 2 and the conclusion follows. 
Theorem 6. Let f, 𝐩𝑖 , 𝐪, 𝐱𝑖 be as in Definition 4 and let the 
positive real numbers 𝑟𝑖𝑗 , i=1,...,k, and j=1,...,ni, be such that 
𝑟𝑖𝑗>0, ∑ 𝑟𝑖𝑗
𝑛𝑖
𝑗=1 =1 for all i=1,...,k. We put 
𝐩𝑖=(𝑝𝑖1, . . . , 𝑝𝑖𝑛𝑖) for all i=1,...,k, 
m= min
1≤𝑗1≤𝑛1…
1≤𝑗𝑘≤𝑛𝑘
{
𝑝1𝑗1…𝑝𝑘𝑗𝑘
𝑟1𝑗1…𝑟𝑘𝑗𝑘
} , 
M= max
1≤𝑗1≤𝑛1…
1≤𝑗𝑘≤𝑛𝑘
{
𝑝1𝑗1…𝑝𝑘𝑗𝑘
𝑟1𝑗1…𝑟𝑘𝑗𝑘
}. 
If f is superterzatic then  
Jk(f, 𝐩1, … , 𝐩𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) -mJk(f, 𝐫1, … , 𝐫𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) ≥ 
 ∑ (𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 −𝑚𝑟1𝑗1 … 𝑟𝑘𝑗𝑘) ∑ 𝑞𝑖𝑥𝑖𝑗𝑖 ×
𝑘
𝑖=1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
× [(∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
− ?̅?) C(?̅?) +
𝑓(|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̅?|)
|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̅?|
] 
+𝑚 ∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑟𝑖𝑗𝑥𝑖𝑗 ×
𝑛𝑖
𝑗=1
 
× [∑ 𝑞𝑖 ∑ (𝑟𝑖𝑗 − 𝑝𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1
𝑥𝑖𝑗C(?̅?)
+
𝑓 (|∑ 𝑞𝑖∑ (𝑟𝑖𝑗 − 𝑝𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1 𝑥𝑖𝑗|)
|∑ 𝑞𝑖 ∑ (𝑟𝑖𝑗 − 𝑝𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1 𝑥𝑖𝑗|
] 
and 
MJk(f, 𝐫1, … , 𝐫𝑘, 𝐪, 𝐱1, … , 𝐱𝑘) −Jk(f, 𝐩1, … , 𝐩𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) ≥ 
∑ (𝑀𝑟1𝑗1 … 𝑟𝑘𝑗𝑘−𝑝1𝑗1 … 𝑝𝑘𝑗𝑘) ∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
×
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
[(∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
− ?̌?) C(?̌?) +
𝑓(|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̌?|)
|∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1 − ?̌?|
]
+ ∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
× 
[∑ 𝑞𝑖 ∑ (𝑝𝑖𝑗 − 𝑟𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1
𝑥𝑖𝑗C(?̌?)
+
𝑓 (|∑ 𝑞𝑖∑ (𝑝𝑖𝑗 − 𝑟𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1 𝑥𝑖𝑗|)
|∑ 𝑞𝑖 ∑ (𝑝𝑖𝑗 − 𝑟𝑖𝑗)
𝑛𝑖
𝑗=1
𝑘
𝑖=1 𝑥𝑖𝑗|
], 
where ?̅? = ∑ 𝑞𝑖
𝑘
𝑖=1  ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1  and ?̌? = ∑ 𝑞𝑖
𝑘
𝑖=1  ∑ 𝑟𝑖𝑗𝑥𝑖𝑗 .
𝑛𝑖
𝑗=1  
Proof. The first inequality. Obviously 
Jk(f, 𝐩1, … , 𝐩𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) -mJk(f, 𝐫1, … , 𝐫𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘) = 
∑ (𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 −𝑚𝑟1𝑗1 … 𝑟𝑘𝑗𝑘)𝑓 (∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
)
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
+ 𝑚𝑓 (∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑟𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
)
− 𝑓 (∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
). 
Since 
∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
 
= ∑ (𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 −𝑚𝑟1𝑗1 … 𝑟𝑘𝑗𝑘) ∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
+𝑚 ∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑟𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
, 
the conclusion follows by Lemma 5. 
The second inequality. One has 
MJk(f, 𝐫1, … , 𝐫𝑘, 𝐪, 𝐱1, … , 𝐱𝑘) −Jk(f, 𝐩1, … , 𝐩𝑘 , 𝐪, 𝐱1, … , 𝐱𝑘)= 
∑ (𝑀𝑟1𝑗1 … 𝑟𝑘𝑗𝑘 − 𝑝1𝑗1 … 𝑝𝑘𝑗𝑘 )𝑓 (∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
)
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
+ 𝑓 (∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
)
− 𝑀𝑓 (∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑟𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
). 
Since 
?̌? = ∑
𝑀𝑟1𝑗1 … 𝑟𝑘𝑗𝑘−𝑝1𝑗1 … 𝑝𝑘𝑗𝑘
𝑀
∑ 𝑞𝑖𝑥𝑖𝑗𝑖
𝑘
𝑖=1
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
 
+
1
𝑀
∑ 𝑞𝑖
𝑘
𝑖=1
 ∑ 𝑝𝑖𝑗𝑥𝑖𝑗
𝑛𝑖
𝑗=1
 
and  
∑
𝑀𝑟1𝑗1 … 𝑟𝑘𝑗𝑘−𝑝1𝑗1 … 𝑝𝑘𝑗𝑘
𝑀
𝑛1,…,𝑛𝑘
𝑗1,…,𝑗𝑘=1
+
1
𝑀
= 1, 
we may apply again Lemma 5 and the conclusion follows. 
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The particular case 𝐩1=...=𝐩𝑘=p and 𝐱1=...=𝐱𝑘=x is of in-
terest. 
Corollary 7. We consider x =(x₁, x₂, ..., xn)∈In, p =(p₁, p₂, ..., 
pn)∈(0,1)n with ∑ 𝑝𝑖 = 1
𝑛
𝑖=1  and r =(r₁, r₂, ..., rn)∈(0,1)
n with 
∑ 𝑟𝑖 = 1.  
𝑛
𝑖=1 We put 
m= min
1≤𝑖1,…,𝑖𝑘≤𝑛
{
𝑝𝑖1…𝑝𝑖𝑘
𝑟𝑖1…𝑟𝑖𝑘
} , 
M= max
1≤𝑖1,…,𝑖𝑘≤𝑛
{
𝑝𝑖1…𝑝𝑖𝑘
𝑟𝑖1…𝑟𝑖𝑘
} . 
We define Jk(f,𝐩, 𝐪, 𝐱) 
=  ∑ 𝑝𝑖1 … 𝑝𝑖𝑘𝑓 (∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1
)
𝑛
𝑖1,…,𝑖𝑘=1
 − 𝑓 (∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1
 ). 
If f is superterzatic then  
Jk(f,𝐩, 𝐪, 𝐱)-mJk(f,𝐫, 𝐪, 𝐱)≥ 
 ∑ (𝑝𝑖1 … 𝑝𝑖𝑘 −𝑚𝑟𝑖1 … 𝑟𝑖𝑘) ∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1
𝑛
𝑖1,…,𝑖𝑘=1
 
× [(∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1
− ?̅?) C(?̅?) +
𝑓 (|∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1 − ?̅?|)
|∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1 − ?̅?|
] 
+𝑚 ∑ 𝑟𝑖𝑥𝑖
𝑛
𝑖=1
 
× [∑ (𝑟𝑖 − 𝑝𝑖)𝑥𝑖
𝑛
𝑖=1
C(?̅?) +
𝑓(|∑ (𝑟𝑖 − 𝑝𝑖)𝑥𝑖
𝑛
𝑖=1 |)
|∑ (𝑟𝑖 − 𝑝𝑖)𝑥𝑖
𝑛
𝑖=1 |
] 
and 
MJk(f,𝐫, 𝐪, 𝐱 )-Jk(f,𝐩, 𝐪, 𝐱 )≥ 
 ∑ (𝑀𝑟𝑖1 … 𝑟𝑖𝑘 − 𝑝𝑖1 … 𝑝𝑖𝑘 ) ∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1
𝑛
𝑖1,…,𝑖𝑘=1
× 
[(∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1
− ?̌?) C(?̌?) +
𝑓 (|∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1 − ?̌?|)
|∑ 𝑞𝑗 𝑥𝑖𝑗
𝑘
𝑗=1 − ?̌?|
]
+ ∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1
× 
[∑ (𝑝𝑖 − 𝑟𝑖)𝑥𝑖
𝑛
𝑖=1
C(?̌?) +
𝑓(|∑ (𝑝𝑖 − 𝑟𝑖)𝑥𝑖
𝑛
𝑖=1 |)
|∑ (𝑝𝑖 − 𝑟𝑖)𝑥𝑖
𝑛
𝑖=1 |
]. 
where ?̅? = ∑ 𝑝𝑖𝑥𝑖
𝑛
𝑖=1  and ?̌? = ∑ 𝑟𝑖𝑥𝑖
𝑛
𝑖=1 . 
The case k=1 reduces nicely. 
Corollary 8. We consider x₁, x₂, ..., xn∈I, p₁, p₂, ..., pn ∈(0,1) 
with ∑ 𝑝𝑖 = 1
𝑛
𝑖=1  and r₁, r₂, ..., rn ∈(0,1) with ∑ 𝑟𝑖 = 1
𝑛
𝑖=1 .  
We put 
m= min
1≤𝑖≤𝑛
{
𝑝𝑖
𝑟𝑖
}, M= max
1≤𝑖≤𝑛
{
𝑝𝑖
𝑟𝑖
}. 
If f is a superterzatic function, then we have 
 J(𝑓, 𝐩, 𝐱) − 𝑚J(𝑓, 𝐫, 𝐱) ≥ 
∑ (𝑝𝑖−𝑚𝑟𝑖)𝑥𝑖 [(𝑥𝑖 − ?̅?)C(?̅?) +
𝑓(|𝑥𝑖 − ?̅?|)
|𝑥𝑖 − ?̅?|
]
𝑛
𝑖=1
 
+𝑚 ∑ 𝑟𝑖𝑥𝑖 [∑ (𝑟𝑖−𝑝𝑖)𝑥𝑖C(?̅?)
𝑛
𝑖=1
+
𝑓(|∑ (𝑟𝑖−𝑝𝑖)𝑥𝑖
𝑛
𝑖=1 |)
|∑ (𝑟𝑖−𝑝𝑖)𝑥𝑖
𝑛
𝑖=1 |
]
𝑛
𝑖=1
 
and  
 𝑀J(𝑓, 𝐫, 𝐱) − J(𝑓, 𝐩, 𝐱) ≥ 
∑ (𝑀𝑟𝑖 − 𝑝𝑖)𝑥𝑖 [(𝑥𝑖 − ?̌?)C(?̌?) +
𝑓(|𝑥𝑖 − ?̌?|)
|𝑥𝑖 − ?̌?|
]
𝑛
𝑖=1
 
+ ∑ 𝑝𝑖𝑥𝑖 [∑ (𝑝𝑖−𝑟𝑖)𝑥𝑖C(?̌?)
𝑛
𝑖=1
+
𝑓(|∑ (𝑝𝑖−𝑟𝑖)𝑥𝑖
𝑛
𝑖=1 |)
|∑ (𝑝𝑖−𝑟𝑖)𝑥𝑖
𝑛
𝑖=1 |
] .
𝑛
𝑖=1
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